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§ 4.1. TEOPETUYECKUE BOMNPOCDI

1) ToHsTve nepBoobpasHon dyHKUMK. TeopeMbl 0 NepBoo6PasHbIX.
2) HeonpepneneHHbI HTErpan, ero CBoMCTBa.
3) Tabnwuua HeonpeaeneHHbIX UHTEerparnos.
4) 3ameHa nepemMeHHOW 1 MHTErpupoBaHue No YacTAM U HeonpeaeneHHOM NHTerpane.
5) PasnoxeHne gpobHoN paunoHanbHOM YHKLUMKN Ha NpocTenLune apobu.
6) WHTerpnpoBaHune npoctenwnx gpoben. MHTerpmpoBaHvue pauuoHanbHbIX yHKUMA.
7) VIHTerpupoBaHune BblpaxXeHuin, cogepxallmx TPUroHomeTpuyeckne yHKLmK.
8) NHTerpmpoBaHue nppaumoHanbHbIX BblpaXKeHU.
9) lNoHATME onpeaeneHHoro nHTerpana, ero reoMeTpUYecK1in CMbICH.
10) OcHoBHble CBONCTBA ONpeaeneHHOro uHTerpana.
11) Teopema o cpeaHeM.
12) lMpownsBogHasi onpeaeneHHoro HTerpana no BepxHemy npegeny. ®opmyna HetoToHa-IlenbHuua.
13) 3ameHa nepemMeHHON U UHTErpMpoBaHMe Mo YacTaM B OnpeaeneHHoOM nHTerparne.
14) WnHTerpmnpoBaHve GnHomumanbHbIxX auddepeHumanos.
15) BbluncneHue nnowaaew Nnockux guryp.

16) OnpepeneHune n BbluUCNEHNE AMWHBI KPUBOW, AndbdepeHumnan anvHel 4yrn KpMBON.

§ 4.2. TEOPETUYECKUE YMNMPAXHEHUA

sin X

1) Cuutas, 4To YHKLUUS pasra 1 npn X = 0, gokasats,

YTO OHa MHTErprpyema Ha oTpeske [0,1].

2) Kakow 13 nHterpanos bonblue:

. 2 1 -
SINn X SIn X
—— | dXwum I—dX?
X 0 X

O Sy

3) Mycts f(t) — HenpepeisHas dyHkums, a dyHkumn @(X) n (X) audbdepeHunpyemsie. [lokasaTs, 4To

w(X)
ix j f(t)dt = f ()’ (x) — f (@(x))e'(X).
o(x)
y d ' t*
4) Haiity _XJ[;e dt.

5) Hantu Toukn akcTpemyma yHKLMK
(0= [t-Dt-2)e"dt
0

6) Myctb f(X) — Henpepbishas neproanueckas dyHkums ¢ neprnogom T . [lokasaTb, 4To

T f (x)dx :] f(x)dx Va.

a
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7) Dokasats, uto ecnm T (X) — ueTtHas cpyHkums, To

0 +a 1 +a
j f (x)dx = j f(x)dx == j f (x)dx.
—a 0 2 -a

8) [okasaTb, YTO AN HEYETHOU PYHKLUNN f(X) cnpaBeanivBbl paBeHCTBa

j. f(x)dx = —Tf (x)dx un Tf (x)dx=0.

., 2+X
UeMy paBeH UHTerpan J.lsm xIn 2 dx?
- —X

ax® +bx+c

9) lNpwu kakom ycnosuu, cBA3bIBaKLLEM KO3 PULNEHTHI a, b, ¢, uHTerpan I 3( 1)2 dx ssnsetcs
X7 (X—

paLmoHansHow dyHKUnen?

10) Mpw kakMx UenbIX 3Ha4YeHWAX N HTerparn I\/l+ x"dx BblpaXaeTcs anemMeHTapHbIMU YHKLUAMN?

§ 4.3. PACYHETHbIE 3AAHUA

3apava 1. Havtu HeonpegeneHHble nHTerpansi.

1. j (4 —3x)e dx.
2. j arctg/4x —1dx.
3. I(3x +4)e¥dx.

4. I(4x —2)cos2xdx.

5. j (4—-16x)sin 4xdx.

6. j (5x — 2)e%dx.
7. I(l—Gx)ezxdx.
8. jln(xz + 4)dx.

9. j In(4x2 +1)dx.

10. I(Z —4x)sin 2xdx.

11. .[ arctg+/ 6x —1dx.

12, J' (4x —3)e Zdx.

13. j(2 —9x)e">dx.

14, jarctg J2x—1dx,

15. jarcthBx——ldx.

16. jarctg\/?—ldx.

17. j(5x + 6) cos2xdx.
18. j(3x — 2) cos5xdx.
19. j(x\/i —3) cos2xdx.
20. j(4x + 7) cos3xdx.
21. j(2x —5) cos4xdx.

22. _[ (8 —3x) cosb5xdx.



23. I (X+5)sin 3xdx.

24, _[(2—3x)sin 2xdx.
25. I(4x+3)sin 5xdx.
26. I (7x—10)sin 4xdx.

27. I (v/2 —8x)sin 3xdx.
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xdx
28._[ >
C0Ss” X

xdx
29. .[
sin? x’

30. J.xsinz xdx.

X cosxdx
31. J'———j—?;———z
sin® x

3apava 2. Boluncnutb onpegeneHHble nHTerparnsl.

0
1. .[(xz +5X + 6) cos2xdx.
2
0
2. _[(xz — 4) cos3xdx.
2
0
3. _[(xz +4x + 3) cosxdx.
0
4, .[(x +2)? cos3xdx.
2
0

5. J.(x2 +7x+12) cosxdx.

-4

6. I(sz +4X + 7) cos2xdx.
0

7. I(sz +9x +11) cos3xdx.
0

8. I(sz +16xX +17) cos4xdx.
0

2z
9. I(sz +5) cos2xdx.
0
2z
10. I(sz —15) cos3xdx.
0

2z
11. I(B —7x?)cos2xdx.
0

2z

12. I(1—8x2)cos4xdx.

0

0
13. J'(x2 +2x +1)sin 3xdx.
-1
3
14. _[(xz — 2x)sin 2xdx.
0

15. '[(xz —3x + 2)sin xdx.

0

72

16. | (x* —5x + 6)sin 3xdx.
J(
0

0

17. | (X* +6x+9)sin 2xdx.
I(
-3

zl4
18. 'f(xz +17,5)sin 2xdx.

0

72

19. j(1—5x2)sin Xdx.
0

3
20. I(Sx — x%)sin 2xdx.

7141

2
21. .[xlnz xdx.

¢ In? xdx
22. I
1
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In? xdx ¢

23. : 28. [/x In? xdx.
! 3x* !
1 1

24. I(x +1)In?(x +2)dx. 29. Ixze‘x’zdx.
0 -1
3 1

25. [ (x=1)° In*(x - 1)dx 30. [x’e”dx.
2 0
0 0

26. [ (x+2)° In* (x+ 2)dx. 3L [(x* +2)e"%dx.
e -2

2
27, j (X +1)2 In? (x +1)dx.
0

3apaua 3. Hantn HeonpepeneHHble MHTErpanbl.

Ixcosx+sinx

1 J- dx
X +1

(xsin x)?
1+Inx X* + X
2.] 2 dx. 13. j X4+1dx.

s J- dx 14{ Xdx
Y xx? -1 okt oxior

2 2 xdx
" jﬂdx. 15, I
X
xdx 1+In(x-1)

5 | ——. 16. | ————=dx.
I 5
I(arccosx)3 i J‘ (x* +1)dx

- ' (3 +3x+1)°
7. .[tgxln cosxdx. 18 dex
14 x? '
8. ji:gg)(—+]')dx X3
cos“(x+1) 19. IX2+4dx.
p—~ xreosx g
(x* +1)° X2 +2sinx
10 J- 1-cosx 21J» 2C0s X + 3sin x
(x— smx) X " J (2sinx—3cosx)?
sin X — Ccos X 8x —arctg2x

11. | /———""dx.

-[(cosx+sin X)® 22 -[ 1
.[1/(2\/_ )+

(\/_+x)
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X
24.IX4+1dx.

J-x+1/x

Vx?+1
26, _[ x—1/x

Vx?+1

arctgx + x
e

dx.

dx.

N J-x (arctgx)* dx
1+ x?

3apaua 4. Boluncnutb onpeneneHHble nHTerpanbl.

e+l
L J- 1+ In(xl— 1) i
X_

e+l

Zj (x* +1)dx
0(x +3x+1)%

. Jl~4arctgx X
o 1+x?

2 3
X dx
4.
-([x +4

T X +COSX
 x? +2sin x

74 2c0osX +3sin x

6. _
! (2sin x —3cosx)®

1/2

. .[ 8x —arctg2x

dx.
1+4x°2

0

f /(2f)+1

1 (\/;+x)2

1

> j x)idj: 1

(o]

dx.

0

ng+1/x

dx.

VXt +1

ng—l/x

11.
frre

dx.

29.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

dx.

J’x2+1

I(arcsmx) +1

V1-x?

dx.

'[x/_(x+1)

V3

arctgx + x
arctox - xg,
0

1+ x?

By (arctgx)* X (arctgx)”

J; 1+x°

1

—dx
x +1

sinl

(arcsinx)® +1

0 \/1—X2

'!.\/;(X-i-l) *

Jgdx

dx.



23.
24.
25.
26.

27.

3apava 5. Havitn HeonpeaeneHHble nHTerpansi.

L J' X3 +1

) j3X3+l

9. I X dx
(X=D(x+1)(x+2)

7l4

j tgxIn cosxdx.
0

0

J- tg(x+1)
° cos* (x+1)

12 (arccosx)® —1

0 '\ll—X

T 1—cosx
H 2
* (X—sinx)

dx.

%% sin X — COSX
¢ (x—sinx)’

dx.

X% — X

dx.

x? -1

X3 —17
X2 —4x+3

2x% +5

3x*+25
x2 +3x+2

X3 +2x?+3
(X=D(x-2)(x - 3)

* | axes
“l 2
P
o | raxez
n ]

I 3x® +2x% +1

X+ DX =2(X=1)

3

I x®—3x?-12

(x=4)(x—=3)(x-2) X

J- x® —3x*-12 y
(x=4)(x-3)x
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™2 ¥ COSX +Sin X

dx.
(xsin x)?

J- 4% +x* +2 .
X(X=1)(x—2)

dx.

13 I3X2 -2

X3 =X

I x® —3x? -12
(x=4)(x—-2)x

J- x® —5x* +5x + 23 y
(x=D(x+1)(x-5)

22.

J~x5 +2x* = 2x3 + 5x2 —7x+9dx
(x=3)(x=1)x
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2x* —5x* —-8x -8 3x® —x*-12x-2
3. J. dx. 28. J. dx
X(X=2)(x+2) X(X+1)(x—2)

J-4x4+2x2—x—3 y - J-2x4+2x3—3x2+2x—9
x(x-D(x+1) ' X(x—1)(x +3)

J-3x4+3x3—5x2+2dx . J-2x3—x2—7x—12
' X(x=1)(x + 2) ' I x(x=3)(x+1)

26 j2X4+2X3_41X2+20 d a I 2x° —40x -8 d
' X(Xx —4)(x +5) ' Ix(x+4)(x-2)

. J-x5 —x*—6x*+13x+6
' X(X = 3)(X +2)

3apaua 6. Hantn HeonpegeneHHble MHTErpanbl.

. IX3+6X2+13X+9dX " J-x3—6x2+13x—7
O x+)(x+2)° ' O x+)(x-2)°
, IXS+6XZ+13X+8dx i J-x3—6x2+14x—6
' X(x +2)° ' O x+)(x-2)°
X J~x3—6x2+13x—6 s IX3_6X2+1OX_1O
O (x+2)(x-2)° ' (x+D(x—2)°
X2 +6x% +14x+10 X34+ X+2

4. dx. 14, | ———dx.

I (x+1)(x+2)° J.(x+2)x3’
] J»x3—6x2+11x—10 s J-3x3+9x2+10x+2
' (x+2)(x—2)° ' (x-1)(x+1)°
] Jux3+6x2+1lx+7 6 J-2x3+x+1dx

O (x+D(x+2)° O (x+D)x3
, IZXB+6XZ+7X+1dx . j2x3+6x2+7x+4
' (x-1)(x+1)° ' x4+ 2)(x+1)°
. IX3+6X2+10X+1O L8 J-2x3+6x2+5x

' (x-D(x+2)°  (x+2)(x+1)°
o J»2x3+6x2+7x+2dx 1o J-2x3+6x2+7x

' x(x+1)° ' J(x-2)(x+1)°

x> —6x%*+13x -8 2x3 +6x* +5x+ 4

10. I dx. 20. j

X(x —2)° (x-2)(x+1)°
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2 J»x3 +6X% +4x+24
O (x=2)(x+2)°

X3 +6x° +14x+4
22.j 5 dx
(x=2)(x+2)

. _[X3 +6x%+18x—4
O x=-2)(x+2)°

o J»x3 +6x%+10x+12
O (x=2)(x+2)°*

. .[X3 —6x% +14x—4
O x+2)(x-2)°

Ix3 +6%x2 +15x+2
(x—=2)(x+2)*

3apauva 7. Haritn HeonpepeneHHble nHTerpansi.

J» X° +4x% +4x+2
I (X+DA(X2 +x+1)

, J»x3 +4x% +3X+2
O (x+DA(x2 +D)

23 +7x2 +7x-1
3.J' e dx
(Xx+2)°(x“+x+1)

. J» 2x° +4x% +2x -1 y
I (X+DA(x? +2x+2)

SJ» X3 +6x*+9x+6 y
I (X+DA(x2 +2x+2)

] IZXB +11x% +16x +10 dx
(x+2)3(x? +2x+3)

, IBXS +6x%+5x—1
O (x+D*(x*+2)

X2 +9x% +21x+21
s.j —— X
(X+3)°(x“ +3)

.[XS +6%x%+8x+8
Y (x+2)2(x2+4)
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2x3 —6x° +7x—4
27.j

(x=2)(x-1°

2x3 —6x% + 7X
28..[

(x+2)(x-1)°

X3 +6x% —10x +52
o |

(x—=2)(x+2)*

x® —6x2+13x—6
30. I

(x+2)(x-2)°

X3 +6x%+13x+6
31. j

(x—=2)(x+2)°

X2 +5x% +12x +4
y

(x+2)*(x* +4)

3_ 2_ _
11-I2X 4x° —-16x 12d

(x—=1)%(x* +4x+5) X

12..[ 3x° +13x 13x+1dx

(x=2)*(x* =x+1)

X3 +2x2 +10x
y

X
(Xx+1)2*(x* =x+1)

33 +x+46
14, I

X.
(x=1)%(x*+9)

4x3 +24x% +20x — 28
15. .[ d

(x+3)%(x* +2x+2)

J-2x3 +3x%+3x+2
O Hx+D(XP+D)

j X2+ x+1
(X +x+D) (X% +1)

j x> +x+3
(X +x+D) (X% +1)
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19_[ 2x% +4X% +2x 42
X+ (P +x+2)

, ,[ 2x° +7x* +7x+9
X+ (X +x+2)

4x* +3x+4
21._[ 5 .
(X*+D(x“ +x+1)

J» 3x® +4x% +6x

22
(X* +2)(x* +2x+2)

| .[ 2x2 —x+1

23
(X =x+D(x* +1)

_[ X2 +x2+1

24 X.
(X* +D(x* =x+1)

.[ X+ x+1
(X +D)(X2 —-x+1)

3apaua 8. Bbluncnutb onpepeneHHble nHTerpanbl.

2arctg2 dX

4, sin?x(1—cosx)

"2 cosxdx

2. [ SOXX,
y 2+C0SX

2arctg?2 dx

=, sin? x(L+cosx)

2 cosxdx

—
2arctg(1/2) (1 —CO0s X)

72 COSX —Sin X
. (L+sinx)?

2arctg3 dx

2areg2 COSX(1—CO8X)

2arctg(1/2) dX

sarcig/3) SIN X(1—sin x)

w2 dX
- 2'
sarcig/2) (L SIN X —COSX)
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2x% +2x+1
26"[ 2 2
(X*+D(x"—x+1)

j x* +2x* +x+1
X+ (2 +x+1)

ZSI x+4 dx
(X x+2)

j 2x° +2x% +2x+1
X+ (K +x+1)

0,[ 3x° +7x* +12x+ 6
(X x+3) (X2 +2x+3)

. j2x3 +3x% +3x+2
X+ (2 +x+1)

j cosxdx
5+4Cc0SX

0

1+sinx
10. I ——dx.
5 1+C0osx+sinx

wl2
11.

cosxdx
3 1+sin X —cosx’
l3

" (1+cosx)dx

12. —.
5 1+COSX +Sin X

72
13.

sin xdx
2 1+CcosX+sinx’

2arctg(1/2) 1+Sin X

14. Y
5 ([@-sinx)

15.

.2[ cosxdx

2 1+COSX +Sin X

2arctg(1/3)
16.

cosxdx
(1+cosx)(L—sinx)’

0
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e cosxdx

17. —.
3L+ COSX—SsInX

cosxdx
18. I —.
7, (A+cosx—sinx)
72 cosxadx

19.

> (L+cosx+sinx)?

2arctg(1/2)

20 (1 —sin x)dx
s cosx(l+cosx)’
"2 sin xdx
21 | —————.
o (L+sinx)
i sin xdx
22.

> (L+sin X +cosx)?

0

sin xdx
23.] —.
7, (1+cosx—sinx)
2
c0s” xdx
24.

) (@+cosx—sinx)?

3apgaua 9. Boluncnutb onpepeneHHble nHTerparnbl.

arctg3 dx

,;[4 (3tgx +5)sin 2x’

zl4

5 2ctgx+1
. . .
arccos@/17) (25|n X+ COSX)
, arccos/\[7) 34 2tgx

o 2sin®x+3cos’ x—1

arcjfg3 4tgx—5

4. - >—dx.
4 1=sin2x+4cos” x
arctg(1/3)

5. - (28 +19%) >—dx.

5 18sin“x+2cos” x

3 arccosy2/3 dX

5 (3tgx+5)sin 2x
zl4

. 6tgxdx

- 2 *
arcsing J57) 951N 2X +5C0S” X

25.

26.

27.

28.

29.

30.

31.

. 7t 2tg?x —11tgx — 22
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72 sin? xdx

+ (L+cosx +sinx)?’

2718 cos? xdx

! (1+cosx+sinx)®

2arctg?2 dx

2 SinX(1+sinx)

2
zl dX

> (L+sin X +cosx)?

™2 sin xdx
¢ 2+sinx’

7[/4 dX
o COsXx(1+cosx)

™2 sin xdx

j 5+3sinx’

0

. dx.
5 4 —tgx
0
9 3tgx+1
_arcig/3) 25N 2X—5€082X +1
arctg3
1+ ctgx
10. - g 5 ax.
=4 (sinx+2cosx)
arccos(/+/3) th
11. — 5 .
54 SIN“X—5c0s” x+4
" Bsin? x
2. | —
5 3C0s2x—4
arctg3
13 4 +1gx
¢ 2sin® x+18co0s” x
arctg2
12 +tgx
14. g dx.

< 3sin® x+12cos’ x



Mpn HeobxoanmocTy Gornee geTanbHOro MPOCMOTpPa yBennybTe MacluTab gokymeHTal
www.otlichka.ru

arctg(2/3)
6 +tgx
15. — g >— X,
5 9sin® x+4cos” X
arcsiny/3/7 tgzxdx
16. — 5 .
5 3sin“x+4cos” x—-7
.  743tgx
3 (sinx+2cosx)’
y arcsin3//10) 2th+5

19.

20.

21.

22.

23.

3apava 10. BoiuncnnTb onpegeneHHbIe HTerpansi.

1.

—— (5-tgx)sin 2x

0 2y,
3tg“x—50 dx
—arccos(//10) 2tgx +7

7l4

Stgx + 2
o 2sin2x+5

arcsin(2/+/5) 4th _5

4c0s* X —sin2x+1

zl4

arcsinv7/8

6sin? xdx

¢ 4+3c0s2x’

0
11-3tgx dx

—arccos(//5) th +3

.[28 sin® xdx.

w2

. jz“ sin® xcos? xdx.
0

. jsin“ xcos* xdx.

0

. Ism Zcos® —dx

0
IZS sin® xdx.

-2

dx.

arcsin(@3//10)

04 J’ 2tgx—5
3 (4cosx-—sinx)?

arccos(/ /26) 360dx

25, —_—.
. (6—tgx)sin 2x
nl4
26. Iﬂdx.
o 2+3tgx
wl4
07 2 —tgx

H 2
_arcsin2/J5) (sinx +3cosx)

arcsiny2/3 8thdX
28.

zl4

arccos(//26) 12dx
29.

arccos(//10) (6 + 5tgx) sin 2%
7l3 tg 2X

0. | —————
5 4+3c0s2x

arccos(//6) 3tg 2X 1

31. ———dx.
o tg°xX+5

T
7. jZS sin® xcos® xdx.
12

8. IZ“ sin* xcos* xdx.
0
9, _[sinz xc0s® xdx.
0
T
X
10. Icosg Zdx.
4

11. '[24 sin® X dx.
5 2

0
12. 128 sin® xcos® xdx.

-

3cos® X +8sin?x—7



V4
13. _[28 sin® xcos® xdx.
rl2
14. IZ“ sin? xcos® xdx.
0

V4
15. J'cos8 xdx.

16. jsinggdx.

f .6 X X
17. IZ“ sin® = cos? = dx.
0 2

0
18. I28 sin® xcos* xdx.
—l2

T

10. _fZB sin? xcos® xdx.
l2

20. IZ“ cos® xdx.
0

21. J'sin8 Xdx.

T
e X X
22. J'sm6 Zcos? = dx.
4 4

3apgaua 11. Bolumcnute onpegeneHHble MHTerpansi.

Ifx—1-+/3x-1

1.

O ey

, ‘]ﬁ‘ 1- \/}+2\/_
-1X+2\/_ \/_

8 6VX+2

3. ———————dx.

ans (X+ 2)2x+1

9-2x
2x—-21

9-x
e\ 9rx dx

dx.

e
O ey ©

5.

(V3X+1+ 41— x)(3x +1)? dx

[

0 5+ x)V25 - x2

T
4 X X
23. jZ“sm“—cos“—dx.
) 27 2

0

24. IZB sin? xcos® xdx.

—l2
T

25. j28 cos® xdx.
rl2
T

26. .[24sin8 xdx.
0

27. J‘sin6 XC0s> xdx.

X X
28. _[sm“ Zcos* Zdx.
4 4

T
X X
29. .[24sm2—cose—dx.
) 27 2

0
30. _[ 28 cos® xdx.
—l2

27
31. f sin’ 3xcos* 3xdx.

12 6-—-X
I x—14

dx.

8

1 1-x
- J-e\/; dx

0 L+ X)W1 x*

e Ux+2+4/x-2
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52 (VX+2 =[x = 2) (x = 2)?

_[ 5¢ X+ 24 ix.
) (x+24)2x

X+/3X — 10
1o [X4
1

N3X=2+7
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4—-X
x-12

11. dx.

12.

i (442 — x — [2x + 2)dx
o (V2x+2 + 42— x)(2x + 2)?
r xdx
R
F22+2X+1

14, je 4

0 4+ x)\/16 x?

j 15Vx+3
178 (X+3)2\/_

13
53 1+33x+5

15.

17.

s .7[ VX + 250x
o (x+25)%/x+1

" i (442 — x —/3x + 2)dx
o (V3XH2 + 42— X)(Bx +2)?

JE dx
? 'c[e (2+ x)ﬂ'

2—X
21'-!’/x—6dx

3apava 12. Beliuncnutb onpegeneHHbIe HTerpansil.

16
1. j V256 — x2dx.
0

1
2. Ixlel— X2 dx.
0

dx

(25+x° )\/25+x

3.

O ey U1

3
4.
;[(9+x 232’

www.otlichka.ru

1/3 [
22. .[ %dxl

Joa (X422

15
23. I 6-x dx.
5 I Xx—18

24} (41— x — [2x+1)dx
1 (V2x+1+ 41— x)(2x +1)?

ZST (2 +3/x)dx
1 Gx 22X+ X)X

4'/[3 4\/—
16/15X VX

emdx
(6 + x)V/36 — x?
T 6—x +4/x

1 \/F-?X—ﬁ“\/?

j (41— x —/x +1)dx
L (VX +1+4V1-X)(x+1)%
o VETEN) gy

B+ x)V9—x?

j (4/2 — X — /X + 2)dx
L (VX +2 + 42— X)(x+2)?

26.

27.

O ey O

28. dx.

29.

30.

Oy W

31.




Mpn HeobxoanmocTy Gornee geTanbHOro MPOCMOTpPa yBennybTe MacluTab gokymeHTal
www.otlichka.ru

1 4 J3
X" dx dx
9. 21, | ——
! (2 X )3/2 ?|L‘

xdx 2 dx
10. : o [ 9%
£V16—X2 ! (16— x?)°

2
11. I\/4—x2dx. - j‘ x“dx
0 0 (8—X2)3
t 6
x? -9
!(16“( 2y3/2° 24.J. v dx.

4
2 | 2 p
13. !x 16 — x“dx. 25, I«/4—x2dx.

5/2 2
14. X" dx. VX2 =4
25— X’ 2. | o
2
5
15, IXZ\/25—X2dX. »” j- dx
4
16. I\/16—x2dx. . JJ-E x*dx
0 . (4_X2)3/2
V3
17. 4J.3L- 1142 dX
| 64__)(2 3 29. .
> ) !). (1—x*)V1-x?
18. J%de 0 .1[ x2dx
X . .
\/E 0 4_X2
242 4
10. X_dx . . T x2dx
0 (16_X2)V16—X2 ' 0 g_XZ

3
20. IXZ\/Q —x2dx.
-3
3apava 13. HaniTn HeonpefeneHHble HTerpanbl.

i, R,

IW Jr

\/1+\/_ 21+ 3/x)?
I 6. _[—dx
x/x®



2(1+3/x2)?
2

I,

9. f “113/? dx

dx.
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gL+ 4/x%)
x22\°/7

R (1+\/_) VA+IXT)
22\/_

J-\/1+

dx.

V1+X
10. | ——=dx ¥
J‘XZ\/; J' 1+
4@++/x)°
11. dex , '[3[(1+5\/7)2 ix
x2&/x '
f“(lw— X Ja+3/x')
s, [V g
x28/x?
Ja+3/x2)°
3 | —————dx 31+4
J. XZW J' 1+\/_
I 1+ 1+4/x)?
| 7 (10"
31, 4[y3
5 I 1;;/)(— dx. j\/1+«/_
Ya+4x%)?
Tt ﬂ“
\/(1+«/_
U V1+i/_
NN
,/(1+i/_ i
X. 1.3
'[ 31.j 1+\/;dx
xi/x?
5 3/y2\4
9 I(:I'+—\/X_)dx
x?’/x
3apava 14. Beluncnutb nnowaam duryp, orpaHnyeHHbIx rpadmkamm yHKUMNA.
1. y=(x-2)°y=4x-8. 4.y =sinxcos’x,y=0,(0<x< x/2).

2. y=xJ9-x%,y=0,(0<x<3). 5. y=v4-x*,y=0,x=0,x=1.

3. y=4-xy=x*-2x 6. y=x’v4-x*y=0,(0<x<2).



7. y=cosxsin’x,y=0,(0<x< z/2).

8. y=+ve*-1,y=0,x=In2.

1

9.y=——>o—" y=0,x=1x=¢>

X+/1+1In X

10. y =arccosx,y =0,x=0.

11. y = (X +1)?%,y? = x+1.

12. Yy =2X—X* +3,y =x* —4x+3.
13. y=x\/ﬂ,y=0(0£xs6).
14. y =arccosy,x =0,y =0.

15. y = xarctgx,y=0,x=\/§.

16. y=xzm,y=0(OSX32\/2—).
17. y=\/ey——l,x:0,y=In2.

18. yzxm,y=0(0§x£2).

X

1+\/;

19. y =

20. y = 1 Y=0,x=7x/2,x=-x/2.

1+ cosx

,y=0,x=1.

21. x=(y—-2)% x=4y-8.
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22. y=c0s’ xsin2x,y =0,(0< x< 7/ 2).

X

23 y=— "
y (x* +1)°

24. X=4-y* x=y* -2y.

,y=0,x=1.

25. x=;,x=0,y=1,y=e3.

yyl+iny

1/x

26. y=7,y=0,x=2,x:1.

27. Y =x°116-x%,y =0(0 < x < 4).

28. X=+/4—Yy?,x=0,y=1.

29. y=(x-1)%y* =x-1.

30. y=x°cosx,y=0,(0<x<7/2).

3. X=4-(y-1)% x=y* -4y +3.

3apava 15. Beliuncnuts nnowaam dpuryp, orpaHnyYeHHbIX IMHUAMUW, 3aAaHHBIMW YPaBHEHUSMMU.

{x — 42 cos’t,
1.

y =24/2sin’t,
X=2(x>2).
x =~/2 cost,
2 {y = 24/2sint,
y=2(y22).
{x = 4(t —sint),
3. |y=4(1-cost),

y=4(0<x<8x,y>4).

y =2sin’t,
X=2(x>2).

X =16 cos’t,
4.

X = 2cO0st,
5. |y =6sint,

y=3(y=3).
X =2(t-sint),

6. {y = 2(1—cost),
y=30<x<4r,y=>3).
x =16c0s’t,

7. {y =sin’t,

X = 64/3(X > 6+/3).

X = 6cost,
8. |y =2sint,
y =+/3(y 2 V/3).



{x:3(t—sint),
9. |y=3(—-cost),
y=3(0<x<6x,Yy=2=3).
X =82 cos’t,
10, {yzﬁsin’*t,
X =4(x=4).
x = 2+/2 cost,
1 {y:Bﬁsint,
y=3(y 23).
X =6(t —sint),
12 {y:G(t—cost),
y=90<x<127,y>9).
X = 32 cos’t,
13 {y=sin3t,
X=4(x=4).

X = 3cost,
14. |y =8sint,
y=4(y=4).

X =6(t—sint),
15. |y =6(1—cost),
y=6(0<x<127,y >6).

X =8cos’t,
16. {y = 4sin’t,
X = 3/3(x > 34/3).
{x = 6cost,
17. (y =4sint,
y =2+/3(y > 24/3).

X =10(t —sint),
18. |y =10(1-cost),

y=15(0< x < 207,y >15).

X = 24/2 cost,
19. |y =+/25in%t,
x=1x>1).
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y=4\/§sint,
y=4(y 2 4).

X =t-sint,

21. |y=1-cost,
y=10<x<27r,y2>1).
X =8cos’t,

22. |y =8sin’t,
x=1(x>1).
X =9cost,

23. |y =4sint,
y=2(y=2).

X =8(t —sint),
24. |y =8(1-cost),
y=12(0< x <167,y >12).

x =2 cost,
20.

X = 24c0s’t,
25. |y = 2sin’t,
X = 9v/3(x > 94/3).

X = 3cost,
26. {y=88int,
X = 4/3(y > 44/3).
X =2(t—sint),
27 {y:Z(l—cost),
y=20<x<4r,y=>2).

X =42 cost,

28 {y=\/§sin3t,
X=2(x2>2).
x = 242 cost,

29 {y:S\/Esint,
y=5(y 25).
X =4(t —sint),

30 {y:4(1—cost),
y=6(0<x<8r,Yy>6).
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X =32cos’t,
31 |y =3sin’t,
x =124/3(x =124/3).

3apgaua 16. Beluncnuts nnowagu ouryp, orpaHMYeHHbIX IMHUAMUN, 3a4aHHbIMU YpaBHEHUAMU B NONAPHbIX

KoopAnHaTax.
1. r=4cosp,r =2(r 2 2). 17. 1 =1+ /2 cos .
2. I =C0S2¢.

18. 1 :£+005gp.
3. 1 =+/3c0sg,r =sinp(0<p<7/2).

4. r=4sin3p,r =2(r > 2). 19. 1 =1++/2sing.
5.F=2C0S¢,I = 2+/3sin p(0<p<xl2). 20. I = gsingo, r= gsingo.
6. I =sin 3¢p. 3 5
) 21. r =—CO0S@, I = —COSQ.
7. r=6sin3p,r =3(r > 3). 2 2
8. I = C0S3p. 22. I =4co0s4ep.
. r=cose,r =~/2cos@p—z/4) 23. I =sin 6.
(~rld<p<xl2). 24. T = 2C0S@, I = 3COSQ.
0 r=sing,r =v2cos(p—z/4) 25. I =COS@ +Sin .
(0<p<3r/4). 26. I = 25in 4.
11. r =603, r = 3(r > 3). 27. t = 2C0s60.
T =%sin(p. 28. I = COS@p —Sin .

29. r =3sin g, r =5sin .

13. r=cosp,r =sinp(0<p<7x/2). 30. r = 2sing,r = 4sing

L [=Y2c08@—714),r = 2sin(p—r14) 31. 1 =6sing,r = 4sin .

(m14<@p<3rl4).
15. I =COS@, I = 2C0S.

16. r =sing, r = 2sin .

3apaya 17. BblumcnnTb AnvHbI 4yr KPUBbIX, 3a4aHHbIX YPABHEHWUSIMU B NMPSIMOYTOSNIbHON CUCTEME KOOPAMHAT.

1. y=Inx~3<x<yI5. 4 y=h—,3<x<8
2x T

x> Inx
2_y=_4—7,1£x£2 5. y=—Incosx,0<x<7x/6

6. y=e*+6,In/8<x<In+15
3. y=+1-x? +arcsinx,0£x£g y
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7. y:2+arcsin\/;+\/x—x2,%gxgl

8. y=In(x*-1),2<x<3

9. y =+1-x* +arcsinx,0 < x gg

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

y =In(1-x%),0< x s%

y=2+chx,0<x<1

y=1-Incosx,0<x<7x/6

y=e*+13,In+/15 < x < In/24.
y:—arccos\/;+\/x—x2,0£xs%
y=2-¢*Inv/3<x<In+8.

i / 2 15
y =arcsinx —v1-x ,03xgB

y=1-Insinx,z/3<x<7x/2

y=1-In(x*-1),3<x<4

y =vx—x? —arcosﬁ+5,%£xsl

www.otlichka.ru

20. Y =—arccosx +v1—x* +1,0< xs%
21. y=Insinx,z/3< x < 7/2
22.y=|n7—|nx,\/§£x£\/§
23. y=chx+30<x<1
24. y =1+arcsinx —v1—x° ,Osxgg
25. y=Incosx+20<x<x/6
26. y =e* +26,Inv/8 < x < In/24.
27.y=e +Ze +30<x<2
28.y=arccos\/_—\/x—x2+4,0£xs%

2x —2X
29.y:L+3,0£x32

3

30. y=e* +¢e,In+/3 < x<In+/15.
:sl.yzl_ez_e 0<x<3

3apaya 18. BbluncnnTb ANUHBI AYT KPUBBIX, 3a4aHHbIX NapamMmeTpUYeCKUMN ypaBHEHNAMMU.

X =5(t-sint),
A

y =5(1—cost),

0<t<r.

A

0<t< 2.

A

0<t<2

N

0<t<r.

X =3(2cost —cos2t),
y =3(2sint —sin 2t),

X =4(cost +tsint),
y = 4(sint —tcost),

X = (t* —2)sint + 2t cost,
y = (2—-t?)cost + 2tsint,

5.

6.

7.

x =10cos’t,

y =10sin’t,
0<t<n/2.

x =e'(cost +sint),

y =e'(cost —sint),
0<t<.

x =3(t-sint),

y = 3(t —cost),

T <t<2r.
X = lcost —1c052t,
2 4

y = lsint —lsin 2t,
2 4

rl2<t<2x/3.



9.

10

11

12.

13.

14.

15.

16.

17.

18.

19.

X = 3(cost +tsint),
y =3(sint —tcost),
0<t<rl/3.

{x = (t* —2)sint + 2t cost,

y = (2—t*)cost + 2tsint,
0<t<xl/3.

{x — 6c0s°t,

y =6sin’t,
0<t<rz/3.

x = e'(cost —sint),
rl2<t<r.

X =25(t-sint),

y = 2,5(1-cost),
rl2<t<r.

x =3,5(2cost — cos2t),

y =3,5(2sint —sin 2t),
0<t<rxl/2.

{x =e'(cost +sint),

y =6(sint —tcost),

0<t<o.

{x =6(cost +tsint),

X = (t* —2)sint + 2t cost,
y = (2-t?)cost + 2tsint,
0<t<rxl/2.

y =8sin’t,
0<t<r/6.

{x —8cos’t,

y =e'(cost —sint),
0<t<2r.

X = 4(t —sint),

y =4(1-cost),
ml2<t<27/3.

{x =e'(cost +sint),
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X = 2(2cost — cos2t),
20 {y =2(2sint —sin 2t),
0<t<xz/3.
x =8(cost +tsint),
21 {y =8(sint —tcost),
0<t<r/4

X = (t* —2)sint + 2t cost,
22. |y =(2—-t?)cost + 2tsint,

0<t< 2.

X =4c0s°t,
23. |y = 4sin’t,
rl6<t< /4.

x =e'(cost +sint),
24. |y =e'(cost —sint),
0<t<3r/2
X =2(t —sint),
25. |y =2(1-cost),
0<t<xzl2.
X = 4(2cost — cos2t),
26. |y =4(2sint —sin 2t),
0<t<r.
X = 2(cost +tsint),
27. |y =2(sint —tcost),
0<t<rl/2

X = (t* —2)sint + 2t cost,
28. |y =(2-t*)cost + 2tsint,
0<t<3r.
X =2c0s’t,
29. |y =2sin’t,
0<t<rxl/A4.
x =e'(cost +sint),
30

y =e‘(cost —sint),
rl6<t<rzl4,



X = (t* - 2)sint + 2t cost,
31 |y =(2—t*)cost + 2tsint,

0<t< .
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3agaua 19. Belumcnutb ANuHBI Ayr KpuBbIX, 3aaHHbIX YpaBHEHUAMU B NONAPHbIX KOOpAUHaTax.

3pl4
EH

. p=3e
—rxl2<p<xl2.

4913

p=2e""",
—ml2<p<nl2.

p:x/ie‘ﬂ,
—ml2<p<nl2.

5p/12
)

L =5€
—ml2<p<nl2.

12¢/5
]

p =6e
—ml2<p<nl2.

3pl4

p=3"""
0<p<rxl3.

49/3
1

p=4e
0<p<xl3.

p:\/ze“’,
0<p<rl3.

5p/12
1

L =5€e
0<p<rxl3.

12p/5

10.’0=12e '
0<p<nxl3.

p=1-sing,
11.

—-nl2<p<-xl6.

, P= 2(1—-cosg),
12.
—r<p<-xml2.

s p =3(+sing),
—rl6<p<0.

p =4(1-sing),
14.
0<p<7rl6.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

p =5(1-cosy),
-7/3<¢p<0.

p =6(L+sing),
—7l2<p<0.

p=T1(1-siny),
-nl6<p<7xl6.

o =8(1—cose),
—2713<¢p<0.

p =29,
0<p<3/4.

p =29,
0<p<4/3.

p =20,

5
0<p<—.
=10
p =20,
12
O<p<—.
Y=g
p =49,
0<p<3/4.

p =30,
0<p<4/3.

p =3¢,
12
0<p<—.
Y%
L = 2C0Sp,
0<p<7rl6.

0 =8c0sp,
0<p<rzl4

L =6C0Sp,
0<p<rxl3
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p =2sin g, p =6sing,
29. 31
0<p<rl6. 0<p<7xl3.
p =8sing,
30.
0<p<rnl4.

3apgaua 20. Beuncnutb o6bembl Ten, OorpaHn4eHHbIX NOBEPXHOCTAMMW.

1X—2+y2—1z—yz—0(y>0) 18X—2+y—2—22—12—02—4
9 ! 1 = . 9 4 | ' .
2.2=xX*+4y* =2 " x_Zer_Z_i__lz_20
2y 9 25 100 ’ '
3—+y——22=1,Z=O,Z=3 2 2 2
o 4 20 —+d 1L —17-47-0
2 y? g2 16 9 o4
4'?+y7_£:_1’2212' 2y y
21, —+—=1z2=—,2=0(y > 0).
. . 271 25 V3 (y=0)
X° oyt oz
5 —+—+—=-1z=12z=0. ) )
6 9 4 22.2=4x"+9y°,z=6.
6. X2+y?>=9,z=y,z=0(y >0). 2
Y d (y=0) 23 x2 4+ _72-17-02=3
7.2=x*+9y*,z=3.
X2 y2 ZZ
2 24, —+2———=-17=20.
8.%+y2—22:1,z:0,z:3. 25 9 100
2 yZ 2
2oyt 72 25, — 42+ - _=17=52=0.
9. —+-——-——=-12=16. 16 9 100
9 16 o4
2
x> y? z? 26 4+ y2=1z7=-L,7=0(y>0).
10, —+°—+—=12=2,z=0. 27 J3
16 9 16
2y 27. 7 =2x"+18y*,2=6.
11.—+y—:1,z=y\/§,z:0(y20).
3 4 x? 2 )
28. —+—-2"=12=0,z=2.
12. 7=2x*+8y?,z=4. 2 9
2 2 2
Xy, 20 X 4 2 __17-1s.
13'E+E_Z =1z2=0,z=2. 16 9 64
2 2 2
14 ﬁ+y_2_£:_12=12 30.;-(—6+y?+1zﬂ=1,z=6,z=0_
4 9 36 ’ '
2 2 2
15 ﬁ+y_2+£:12=3220 31.E+y?+129—6:l,227,220.
‘16 9 3% ’ '
X2 y2 \/_
16. —+-—=12=y~+3,2=0(y > 0).
T y (y=0)

17. 2=x*+5y?,z=5.
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3apaua 21. Beluncnutb o6bembl Ten, 06pas3oBaHHbIX BpalleHneM uryp, orpaHUYeHHbIX rpacpmkamm oyHKumin. B

BapuanTax 1-16 ocb BpaweHus Ox , B BapnanTax 17-31 ocb BpalLeHus Oy .

— _y?2 _ —
1. y=—X"+5x-6,y=0. 16.y:sin%,y:x2.
, 2x—x> -y =0,
2x% —4x+y=0. 17. y:arccosg,y:arccosx,yzo.
y =3sin X,y =sin x, X -
3 0<x<r. 18. y:arcsing,yzarcsinx,y:?
4.y:5COSX,y:COSX, 19.y=X2,X=2,y:O.
x=0,x<0.
_ 20. y=x*+1y=xx=0,x=1.
5.y=sin’x,x=x/2,y=0.
21. y=+/x-1,y=0,y=1x=0,5.
6. x=3y—-2,x=1y=1.
22. y=Inx,x=2,y=0.
7.y=xe*,y=0,x=1
23. y=(x-1)7%y=1.
. y=-2X—X*,y=—X+2, , ,
X« =0. 24. Yy =x-2,y=0,y=x",y=1.
3 2
9. Yy =2X—X",y =—X+2. 25. Yy =X,y =X".
10.y=e",y=0x=0,x=1, 26. y:arccosg,y:arcco%,yzo.
—y? y2 _ oy
Ly =xy" =x=0. 27. y =arcsinx, y =arccosx, y = 0.
12. X" +(y-2)* =1, 28. Yy =Xx*—2x+1,x=2,y=0.
—_1_y? —
13. y=-1-x",x=0. 20, Y= X%,y = x.
— y?2 _ —
14 y=xy=Lx=2 30. y =arccosx, y =arcsinx, x = 0.
15,y =%,y =x. 31. y=(x-1)%x=0,x=2,y=0.
3apava 22. BapuaHmsi 1-10. Belumcnutb cuny, ¢ KOTOPOW BoAa AaBUT Ha MMOTUHY, CEYEHNE b
KoTOpow nmeeT hopmMy paBHOGo4UHONM Tpaneummn (puc.4.1). MNNoTHOCTL BOAbI, 1
— Ke - M
L =1000 443 ,yckopeHue cBo60oaHOro nageHnst nonoxuts pasHeiv § =10 42. h
L
Yka3anue. [laBnenue Ha rmy6uHe X pasHo OQJX. ]:
a
Puc. 4.1

1.a=45m,b=6,6mh=30m.
2.a=48m,b=7,2mh=30m.
3.a=51w,b=78mh=30m.
4. a=54mb=8,4mh=30m.

5.a=57mb=9,0nh=4,0m.

6. a=6,0m,b=9,6,h=4,0m.

7. a=6,3m,b=10,2m,h = 4,0m.

8. a=06,6,mb=108mh=4,0m.
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9.a=69m,b=114m,h=50m. 10. a=7,2m,b =12,0Mm,h =5,0m.

Bapuanmsi 11-20. Onpeaenntb paboTy (B AXKOyNsX), COBEPLIAEMYIO NPy NoabeMe cryTHuKa 3emnu Ha BbicoTy H km.

Macca cnyTHuka pasHa M T, paguyc 3emnn R, = 6380 km. Yckoperue ceoBoaHoro napeqnst { y nosepxHocTu

3emnu nonoxus pastHsiM 10 ﬂ%z :
C

11. m=7,0 7, H = 200«m. 16. m=5,0 1, H =450«m.
12. m=7,0 1, H =250xm. 17. m=4,0 v, H =500«m.
13. m=6,0 1, H =300«m. 18. m=4,0 1, H =550«m.
14. m=6,0 7, H =350«m. 19. m=3,0 1, H =600«m.
15. m=5,0 1, H =400«wm. 20. m=3,0 1, H =650«m.

BapuaHmei 21-31. LlunnHap HanomHeH rasom nog atMocdepHbIM JaBNeHNEM
103,3 x/la. Cuutas ras ngeansHbIM, onpeaenuts paboTy (B [Koynsx) npu
N30METPUYECKOM CXaThK ra3a nopLuHeM, NepemMecTMBLUMMCS BHYTPb

umnuHapa Ha hwm (pnc.4.2).

YkasaHue. YpaBHeHVe CoCTOAHUA rasa pV = const, rne P — nasnenue,

V —obrem.
Puc.4.2
21. H =0,4m,h =0,35xm,R = 0,Ln. 27. H=16mh=14mR =0,3m.
22. H=0,4m,h=0,3%,R =0,1m. 28. H =16m,h=1,2m,R =0,3m.
23. H =0,4m,h =0,2m,R =0,Lu. 29. H =1,6m,h =0,8m,R =0,3m.
24. H =0,8m,h=0,7u,R =0,2m. 30. H =2,0m,h=15m,R =0,4m.
25. H =0,8m,h =0,61,R =0,2m. 31. H =2,0m,h =1,0Mm,R =0,4m.

26. H=0,8x,h=0,4m,R =0,2m.



