§ 7.1. TEOPETUYECKUE BOMNPOCHI

1) OnpegeneHns ABOWNHOIO U TPOWHOrO UHTErpanos. /X reomeTpuyeckuii 1 musnyeckmin cMbicn.

2) OCHOBHble CBOMCTBA ABOMHbIX U TPOMHbIX NUHTErPanos.

3) Teopema o cpefHeM ANns1 ABOVHOIO U TPOMHOTO MHTErpasnos.

4) BbluMcrneHne OBOVHbIX UHTErpanoB ABYMs nocriefoBaTenbHbIMU MHTETPUPOBaHUSAMU (Cnydar NPsiMOYrofibHON
obnactm).

5) BbluncneHve ABOVHLIX MHTErpanoB ABYMs nocnefoBaTenbHbIMU UHTErPUPOBaHNAMU (OBLLMI cny4yan).

6) 3ameHa nepemeHHbIX B JBOMHOM MHTErpane.

7) AxobuaH, ero reomeTpuYEeCcKUin CMbICI.

8) [BoviHOW nHTerpan B NOMAPHbLIX KOOPAMHATaX.

9) TporHoW uHTErpan B UMNMHOPUYECKNX KOOpAUHAaTaX.

10) TponHom nHTerpan B cpepuyecknx koopanHaTax.

§ 7.2. TEOPETUYECKUE YNPAXXHEHUA

1) Monb3ysicb onpegeneHneM ABOMHOIO MHTErpana, Aokasartb, YTo

Hx"‘y"dxdy =0,

x2+y2<R2

ecnn M un N — HaTypanbHble Ynucna 1, Mo MEHbLUEN Mepe, OOHO U3 HUX HEYETHO.

2) C noMoLLbo TEOPEMbI O CpeaHeM HalTu

.1
LITOF 2 ” f(x, y)dxdy,

X +y2§R2
rae T (X,Y) — HenpepbiBHas dyHKUNS.
'3) OueHuTb NHTErpan

dxdydz
I JX=%6)? + (Y = ¥o)? +(2—2,)?

2 2 2 2
X +Yo +Z,° >R,

T. €. YKa3aTb, Mexay KakmuMn 3Ha4eHNAMN 3aKrntoyeHa ero BennynHa.

4) BbMNCNUTL ABOIHON MHTErpan ”D f (X, y)dxdy, ecrm o6nacts D — npsmoyronbHuk {a <x<bhc<y<d }, a
f(xy)=F5(x )

5) [okasaTb paBeHCTBO
b d
[ Fe0g(yydxdy = [ £ (x)dx[ g(y)dy,

ecnu obnactb D —NpsIMOYrofbHUK {a <x<b,c<y<d }



6) [okasatb popmyny Odupuxne.

[dx[ f(x,y)dy = [dy[ f (x, y)dx,a>0.
0 0 0 vy
7) Monb3ysicb bopmynon Oupuxne, foka3aTb paBEHCTBO
a y a
j dy j f (x)dx = j (a—x) f (x)dx.
0 0 0

8) Kakon n3 nHterpanos 6onblue

1-x 1-x-y

J-dx'[dyj.f(x Y, 2)dz nau J.dxj. dy '[f(x y, z)dz,

ecm f(x,y,2)>07?

3apaua 1. /IaMeHUTb NopAdOK MHTErPUPOBaHNS.

-1 0 0 0 4 —x 0 x2
. |d fd dy | fd
! _J; yJJ;Ty X+£ y% X 9. de .([ fdy+£dx£fdy.
1 0 V2 0
2. Idyj fdx+ Idy Ifdx 10. ﬁdx j‘ fdy+ }dx j‘fdy_
oW Py 2 42 3 a2,
1 y J2 W 1 1 e 1
. [dy[ fax+ [dy [ fdx 11 [dx [ fdy+[dx [ fdy.
0 0 1 2-y 0 142 1 Inx
1 4y 2 2oy 1 Yy 2 2y
a [dy | fder [dy [ fdx 12. [dy [ fdx+ [dy [ fdx.
0 0 0 0 0 1 0
-1 0 0 74 siny 7l2 cosy
5. jdy j fix + [ dy| fox. 13. jdyj fdx+ [dy [ fax
-2 242 -1 x x4 0
1/+/2  arcsiny 1 arccosy 7 ‘ f ¢ ¢ f
6. jdy j fder [dy [ fox 14. dezj dy+fdng dy.
1z 0 - —(2+x) -1 9y
zl4 siny 7l2 cosy
7. J}dyJ? fdx+ j.dy\/jjfdx 15 Idy I fdx+”_[4dy Ifdx
-2 0 -1 0
. iy 1 0 2 0
8. Idyj fdx+J'dy J'fdx 16. !dy_% fdx+_[dy_\/J2'_71;dx

-y



1 0 V2 0
17. Idyj fdx+ jdy Ifdx

3

1 y 2 2-y
18. jdyj fdx+jdy j fdx.
0 0 1 0

V3 0 2 0
19. Idx I fdy+ jdx Ifdy.
0 a2 B e

-1 0 0 0
20. Idy J. fdx + jdyj fdx.
-2 —(2+y) -1 %

21. idyjy:J fdx+ idy j fdx

1 Iny

2 V2 N2-x?

22. _:[dxl' fdy + {dx '([fdy.

714 sinx 712  cosx

23, ! dx ! fdy + j dx j fay.

zl4 0

24. Jl.dy jl fdx+idyj‘ fdx
/2 7@ -1 y

3apava 2. Bbluncnutb.

3

25, jdx] fdy + idxzjxfdy.
0 0 1 0

2-4-x2 Jax2
j fdy.
0

V3 2
26. _[dx I fdy+ Idx
0 V3

0

1 0 2 0
27. j dx j fdy+ j dx j fay.
0 —Jx 1 —J2—x

1 x V2 2-x2
28. J;dx.([ fdy + _!'dx jfdy.

0

1y 7 ey?
20. [dy [ fox+ [dy [ fox
0 0 1 0

1 Jx 2 J2—x
30, jdxjfdy+jdx jfdy.
0 0 1 0
3 ax? 0 2-V4-x?
31, jdxj fdy+ jdx jfdy.
-2 -3 0

0

1. J.J.(12x2y2 +16x°y3)dxdy; D x =1y = X2,y = —/X.
D

2. jj(9x2y2 +48x3y3)dxdy; D:x=1y= \/;' y= X2
D

3. Ij(Szeyz —96x°y*)dxdy; D: x =1y =%/x,y = —x°.
D

4. jj(18x2y2 +32X3y3)dXdy; D:x=1ly= x°, y = _%/;.
D

5. H(Z?xzyz +48x%y)dxdy; D1 x =1,y = x?,y = -/x(x > 0).
D

6. _”(18x2y2 +32x%y°%)dxdy; D: x =1,y =¥/x,y =—x2(x > 0).
D
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7. ”(18x2y2 +32x3y%)dxdy; D:x =1y =X,y = —Jx.
D
8. H(Z?xzyz+48x3y3)dxdy;D:x=],y=\/§,y:—x3.
D
9. ”(4xy+16x2y2)dxdy;D:x:l,y:x2,y=—\/;.
D
10. Ij(ley+9x2y2)dxdy;D:x:l,y:\/;,y:—xz.
D
11. .[_[(8xy+9x2y2)dxdy;D:x:l,yzi/;,yz—x3.
D
12. jj(24xy+18x2y2)dxdy;D:x=],y:x3,y:—?{/;.
D
13. ”(12xy+27x2y2)dxdy;D:x=],y=x2,y=—i/;(x20).
D
14. Ij(Sxy+18x2y2)dxdy;D:x:l,y:%/;,y:—xz(xzo).
D
15. H(gxy+%x2y2jdxdy;D:x:l,y:x3,y:—\/;.
D
16. H(%xy+9x2y2jdxdy;D:x=1,y:\/;,y=—x3.
D
17. ”(24xy+48x3y3)dxdy; D:x=1y=x%y=-Vx.
D
18. Ij(ny+24x3y3)dxdy;D:x=1,y:\/§,y:—x2.
D
19. ”(4xy+16x3y3)dxdy;D:x=1,y:i/;,y:—x3.
D
20. H (4xy +16x°y®)dxdy; D1 x =1,y = X3,y = -¥/x.
D
21. _U (44xy +16x°y*)dxdy; D x =1y = x?,y = -3/x(x > 0).
D
22. _” (4xy +176x°y*)dxdy; D: x =1y = ¥/x, y = —x*(x = 0).
D

23. H (xy —4x%y%)dxdy; D: x =1y = x*,y = —/x.
D
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24, ”(4xy +176x°y%)dxdy; D: x =1y = /X,y = —X*
D
25. J'I(ny +— jdxdyD x=1y=x%y=-vx.
26. ”(9x2y2 +25x*y*)dxdy; D: x =1,y =Jx, y = —x2
D

27. ﬂ(Sxy +2 jdxdyD x=1y=3x,y=—x

28. .” (9X2y2 + 25X4y4)dxdy; D:x :l- y = X3, y= _3{/;.
D

29. H (54x2y? +150x‘y*)dxdy; D: x =1,y = x?,y = &/x(x = 0).
D

20. [[(xy-9x°y")dxdy; D: x =Ly =¥/X,y =—x* (x> 0).
D

31 J.J. (54X2y2 +150X3y3)dxdy; D:x=1y= X2, y = _\/;.
D

3apava 3. Bbluncnub.

1. .gyexy’zdxdy;D:y:In2,y:In3,x=2,x:4.
2. gyzsinx—gdy;D:x:O,y:\/Z,yzg

3. Ils[ycosxydxdy;D:y:%,y:n,x:l,x:z.
4, gyzeXy’4dxdy;D:x=0,y:2,y: X,

5. gysinxydxdy;D:y:%,y:ﬁ,x:l,x:z

2 o Y Nev_Av_ | _X
6._L[y cos?dxdy,D.x_O,y_\/;,y_E

« 1
7”4ye2ydxdy,D y=In3,y= In4x—§ x=1.

www.otlichka.ru
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8. J!4yzsinxydxdy;D:x=0,y:\/é,yzx.
9. IDchostdxdy;D:y=%,y=;z,x=%,x:1.
10. gyzexy’sdxdy;D x=0,y=2,y :g.
11. J'Dj12ysin2xydxdy;D:y:%,y:%,x:Z,x:&
12. Hyzcosxydxdy;D:x:O,yzx/;,y:x.
D
13. Hyexy"‘dxdy;D:y=|n2,y=|n3,x:4,x=8.
D
14. H4yzsin2xydxdy;D:x=0,y:\/ﬂ,y:2x.
D
15. IID_[Zycostydxdy;D:y:%,y:%,x:l,x:z.
16. ”y"’e‘xy’zdxdy;D x=0,y=2,y=x
D

) 1
17. sinxydxdy;:D:y=x,y=27,Xx==,x=1.
ijy ydxdy; D1y =7,y =27, = -

18. J.J.y2 cos2xydxdy; D:x:O,y:\/%,yzg.
D

1 1
4xy . . _ _ _ _
19.J'Dj'8e dxdy,D.y_In3,y_In4,x_Z,x_E.

2 ain XY R |42
20. J.JBy sm?dxdy,D.x_O,y_ —,y_gx.

21. Hycosxydxdy;D:y:ﬂ,y:?ﬂr,x:%,x:l.
D

22, {[y2e™2dxdy;:D:x =0,y =1,y = ~.
IDIy y y=ly=-

23. ”ysianydxdy;D:yzz,y:3_”,x=1,x:3,
D 2 2 2
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24. ” y?cosxydxdy;D:x=0,y = Jr, y =2X.
D

25. HGyexy’?’dxdy; D:y=In2,y=In3,x=3x=6.
D

26. Hyzsin%dxdy;D:x:O,y:\/;,y:x.
D

3z 1
27. cos2xdxdy; D : :f, =— X=—,X=2.
fDIy iDiy=2,y="rx=2

28. H y2e Y 8dxdy;D:x =0,y =4,y =2x.
D

29. H3ysin xydxdy;D:y:%,y:Sz,x:l,x:B.
D

30. ” y? cos%dxdy; D:x=0,y=+27,y=2x
D

3L HlZyerydxdy;D:y:In&y: In4,x=%,x=%.
D

3apava 4. Boluncnub.

x=0,y=1y=X,
1. ||| 2y?e¥dxdydzV
e
X=2,y=m2=1

2. J.\'/” xzzsin(xyz)dxdydz;V{X _0y=02=0

x=0,y=-2,y =4x,

3 w yzch(ZXY)dXdde?V{ 7=07=2.

=_1l :2! =l!
4, IIISyzzezxydedydz;V X y=az
Y x=0,y=0,z=0.
x=1y=2xy=0,
. || x?sh(3xy)dxdydz;V
> [ sy 2T
Xx=lLy=m12=2,

6. J.\J/._[ y’z cosxyzdxdydz;V{X 0y=02-0.
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’ Iy y* CO{% ijdxdydz;v{x =0,y=-1y= g

2=0,z=-72.

:1, :2 f :4,
8. m'xzzsindedydz;V X=Ly=emz
v 4 x=0,y=0,z=0.

s

=1y=1z=1
10. IHZyzzexydedydz;V ASSY =02
Y x=0,y=0,z=0.
:O’yzllyle

11. I{!‘I y%h(ny)dxdydz;V{X 1-0,7-8

=2,y=1z=1]

X
12. ||| x?zsh(xyz)dxdydz;V
-[\J,.J. (xyz)clxdy {x=0,y:0,z:0.

=0,y=2y=2x,

13. f\J;I yzexy’zdxdydz;v{x 0ze1

=3 y=17=2r,
14. m yzzcosM dxdydz;V X=oy=Lz=cn
v 3 x=0,y=0,z=0.

ol el o

x=1ly=-1z=1
16. ||| 2x?zsh(xyz)dxdydz;V
[[j2cmnovmysyonv|H

=0,y=1y=2x,

17. .U.[ y? cos(7zxy)dxdydz;V{X 720,72 72

18. Hij zsh(2xyz)dxdydz; V{X 2.y =
x=0,y=0,z

5 L Ix==lLy=xy=0,
19. I{/”x sh(2xy)dxdydz,V{ 1-07-8.
x=ly=4z1=r1x

. XyzZ
20. ||| x?zsin =2= dxdydz;V
I\./[ 2 4 {xzo,y:0,2=0.
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o
\Y

=0,z=2
X=1,y=1,z=1’
22. 2zch(xyz)dxdydz;V

2 ai 4 . X:2’y:X1y:Oa
23. I\J/..[x sm(E xyjdxdydz,v{ =027

X:91y:1,Z:27Z',

2 ]| yzzcos%dxdde;V{ X=0.y=0,2=0
J ~0,y=0,z=0.

25. [[[ x* sin(mey)dxdydzV : x =1y = 2%,y =0, =0,z = 4x.
\

2 Xyz N o ~ ~ B
26. J’\J/'J'y zch(7]dxdydz,v.x_2,y_ 1,z=2,x=0,y=0,z=0.

27. [[[ y*ch(3xy)dxdydzV : x =0,y =2,y =6x,2 =0,z =-3.
\

28. J'J'J'2y22ch(2xyz)dxdydz;v X = % y=2,2=-1x=0,y=0,z=0.
\

29. [[[ " sin(amy)dxdydzV :x =1y =2,y =0,2=0,2 =8,
\%

20. [[[8y*ze ™ dxdydzV :x =2,y =-12=2,x=0,y=0,2=0.
\%

X
31 I\J;IXZSh(xy)dxdydz;V X=2,y= E’ y=0,2=0,z=1.

3apgava 5. Boluncnuts.

1. J.\'/U xdxdydz;V : y=10x,y=0,x=1,z=xy,z=0.

2. m dxdydz 4;V:ng%Jrgzl,x:O,y=O,z:O.

3. j”lS(yz +22)dxdydz;V :z=x+Yy,Xx+y=1x=0,y-0,z=0.
\%
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s [[] Gx+4y)dxdydzV :y =xy=0,x=12=5(<" +y?).
\Y

5. [[] @+2x*)dxdydzV 1y =9x,y=0,x=1z=/xy,2=0.
\

6. [[[ (27+54y*)dxdydzV 1y =x,y =0,x=1,2 = /xy,2=0.
\Y

7. J.\'/U ydxdydz;V : y =15x,y=0,x =1,z = xy,z =0.

8. m dxdydz 5;V:ier+§=1,x:O,y:0,z=0.

9. Hj(sz +y?)dxdydz;V : z=10y,x+y=1x=0,y =0,z =0.
\%
10. m(15x+302)dxdydz;v 2=x"+3y?,2=0,y=x,y=0,x=1.
\%
11. IJI(4+823)dxdydz;V y=%xy=0x=1z= \/W z=0.
\%
12. ”j(lJr 2x*)dxdydzV : y =36x,y =0,x =1,z =/xy,z =0.
\%

13. IHlezdxdydz;V y=xy=0,x=2,z=xy,z=0.
\%

14. ”I dxdydz 6;V:ijt%jtézl,x=0,y:0,z=0.

ss. [[[ (2 +3y?)dxdydzV 12 =10x,x+y =1 x =0,y =0,2 =0,
\Y

16. I.[I(6Oy+902)dXdde;V y=Xy=0,x=1Lz=x"+y%z=0.
\

17. III(EX-I-?JdXdde;VZy:9X,y:O,X:l,z:\/x_y,z:0.
v L3 3

18. j”(9+182)dxdydz;V cy=4x,y=0,x=1z =\/x_y,z _0.
\Y

19. 3y2dxdydz;V (y=2x,y=0,x=2,z=xy,z=0.
i
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o [[] Yy XY 2y x_0y=02=0.
v( X vy zj 2 4 6
1+ —+214—
2 4 6
2 0\ -
21. I”x dxdydzV : z =10(x+3y),x+y=1,x=0,y=0,z =0.
\%
22. [[[ @y+122)dxdydzV 1y = x,y =0,x=1,2 =3x* +2y*,2=0.
\%

23. m63(1+ Z\N)dxdydz;v y=xy=0,x=1z= \/x_y z=0.
\Y

24. [[[ (x+ y)dxdydzV 1y = x,y =0,x=1,2 =30x* +60y*, 2 =0.
\Y

s [[]—2YE v X Y2y xo0y=0z-=0.
v( X 'y Zj 6 4 16
1+ 4+ +—

26. Hjxyzdxdydz;V:y:x,y:O,x:gz:Xy'Z:o_
\
2 A\ -
27. [[[ y*dxdydzV : 2 =10@x+y),x+y =1x=0,y =0, =0.
\
28 .m[strs_zzjdXdde?V ry=xy=0x=1z=x*+15y%z=0.
\

20. [[[ (X* +4y*)dxdydzV : 2 = 20(2x+ y),x+y =1,x=0,y =0,z =0.
\Y

o [[[—2VE v X Y 2 x-0y=0z-0.
v(1+X+y+zj 8 3 5
8 3 5
31 IJJXZdedydz;V 1y =3x,y=0,x=2,2=xy,z=0.
\%

3apaua 6. Hantu nnowagb curypbl, orpaHN4eHHOW AaHHLIMU INHUSIMUA.

3
Ly=-,
X

2. X=4/36—y*,x=6—+/36—-Yy".

3. x*+y* =72,6y =—x"(y <0).

y=4exay=3,y=4.
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4. X=8-y% x=-2y.
3 x
5. y=;,y=8e ,y=3,y=8.

ﬂ 1
2’y

6. y=

7. X=5-y% x=-4y.
8. X2 +y? =12,—/6y = x?(y <0).

9. y=+12—x2,y=23-+12-x2,x=0,(x = 0).

3 3
10. :—\/;, =—,Xx=09.
Y 2 y 2X

11 y =+/24—x% 24/3y =x2,x =0, (x > 0).
12. y =sin X,y =cosx, x = 0(x > 0).

13. y =20 —x%,y = -8x.

14,y =+18—x%,y =32 — 18— x2.

15. y =32 - X%,y = —4x.
2 x
16. y=—,y=5",y=2,y=5.
X
17. X2 +y2 =36,3v/2y = x2(y = 0).

18. y=3\/;,y=§
X

X =4,

19. y=6-+/36-x%,y =/36—x°,x=0,(x > 0).

20 y—E—x2 y—x—E
: 2 : 5"

21. y:\/;,yzl,x:la
X
2 x
2. y=—,y=7e",y=2,y="1.
X

23. Yy =27 —y? x=-6y.
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24. X=+/72—y? 6x=y? y=0(y>0).

25 y=6-x2,y =6 —-6—x2.

3 3
26. y=—/X,y=— x=4.
y 2 y 2X
27. y=sinx,y =cosx,x=0(x < 0.

_1

28. y=—,y=6e*,y=1y=6.
X

29. y:3\/§,y=§,x:94.
X

30. y=11-x%y =-10x.
31 X2 +y? =12,x/6 = y2(x > 0).

3apava 7. Hantn nnowanb urypbl, orpaHU4EHHON AaHHBIMU NIUHUAMU.

1y =2y+x* =0,y? -4y +x* =0,y=%,y=x/§><-

X

2. X2 —4x+y®>=0,x>-8x+y>=0,y=0,y=—.
V3

3. y2—By+x2 =0,y 8By +X2 =0 y = y=1/3x.
y? -6y y? -8y V=5

4. X =2x+y*=0,x" —4x+y*=0,y=0,y = x.

2 2 2 2 X
5y —8y+x*=0,y* -10y + X =0,y=—,y=\/§x.
V3

6. X2 —4x+y® =0,x>-8x+y>=0,y=0,y = x.
7. y2—4y+x*=0,y* —6y+x> =0,y = x,x =0.
8. X2 —2x+y?=0,x2-10x+y? =0,y =0,y =/3x.

9. Yy —6y+x*=0,y*-10y+x* =0,y =x,x=0.

10. X2 =2X+y? =0,x* —4x+y? :O,y:i,y:\@x_

J3

11 Y2 =2y + x> =0,y* -4y + x* :O,y:\/§x,x:0.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
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x> =2x+y? =0,x* —6x+Yy’ :0,y:%,y:\/§x.

y2—4y+x2=0,y2 -6y +x2 =0,y =~/3x,x = 0.

x> —2x+y? =0,x* -8x+y? :O,yzi,y:\/gx.

J3
y> -2y +x>=0,y° -6y +x° :O,y:%,x:o.
X2 —2x+y2=0,x* —4x+y? =0,y =0,y = .
J3
X
y2—2y+x2=0,y2—10y+x2 =0,y = ——,y =/3x.
J3
x> —2Xx+y*=0,x"—6x+y’ :O,y:0,y:%.

y2—4y+x? =0,y* 10y + x? :O,yzi,yzﬁx.

V3
X2 —2x+y?=0,x*—6x+y?>=0,y=0,y =X
y2—2y+x*=0,y* —4y+x* =0,y =x,x=0.
X2 —2x+y2=0,x2—4x+y? =0,y =0,y =~/3x.
y?—6y+x*=0,y*-8y+x*=0,y=x,x=0.
X2 —4x+y?=0,x2—8x+y2 =0,y =0,y =+/3x.

y2—4y+x?=0,y* -8y +x*>=0,y=x,x=0.

x> —4x+y? =0,x> —8x+y? :O,y:%,y:\/gx.

y2—4y+x2=0,y2 -8y +x%> =0,y =~/3x,x =0.

X* —4x+y® =0,x"—6x+y’ :0,yzi,y:\/§x.

J3

y?—2y+x>=0,y*-10y+x* =0,y =—=,x=0.

X
J3

www.otlichka.ru
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30. X —6X+Yy? =0,x* —10x+y? :O,y:i,y:\@x.

J3

31 Y2 —4y+x* =0,y* -8y +x° :O,yzi,x:o.

J3

3apaua 8. MNnacTtuHka D 3afaHa orpaHu4MBaloWMMn ee KpUBbIMU, LI -MOBEPXHOCTHaA NNOTHOCTb. Hantn maccy

NNacTUHKA.

1. D:x=1Ly=0,y>=4x(y=0); u=7x*+y.

2.D:x2+y2:1,x2+y2:4,x:0,y:0(x20,y20);,u:X)Z(izz.
) 7x?
3. D:x=1y=0,y :4x(y20);y:7+5y.
.2 2 2 2 . 2X+9y
4. DX +y" =9,x"+y" =16,x=0,y=0(x=0,y20); u = ——-.
x> +y
) 7x?
5. D:x=2,y=0,y :2x(y20);y:T+2y.
6.D:x2+y2:1,x2+y2:16,x=0,y:0(x20,y20);y:Xi(:zz.
_ , X o Tx?
7.D:x=2,y=0,y :E(yZO),y:T+6y.
cv2 2 2 2 . 2x—3y
8. DX +y =4,x"+y =25,x=0,y=0(x20,y<0); u = ———=-.
x> +y
9. D:x=1y=0,y* =4x(y > 0); u = x +3y~.
v 2 2 2 2 . X_y
10 D:x"+y =1x"+y " =9,x=0,y=0(x>0,y <0); u = 5
x> +y
11. D:x=1y=0,y? = x(y > 0); = 3x+ 6Yy°.
.2 2 2 2 . 2y — X
12. DX +y =9,x"+y" =25,x=0,y=0x<0,y>20); y = —5—.
x> +y
13.D:x:2,y:0,y2zg(yZO);y:2x+3y2.
_ 2X+5y

14. D:ix®+y?=9,x* +y? =16,x=0,y =0(x>0,y > 0); t = ———..
x> +y



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

X2y  =4,x"+y* =9,x=0,y=0(x<0,y>0); u =

Mpn HeobxoamnmocTn Bonee AeTanbHOro NPOCMOTPA yBeNMYbTe MacliTab AokymeHTal
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:x=%,y=0,y2 =8x(y > 0); 1 =7x+3y>.

:x2+y2:9,x2+y2:16,x:0,y:0(x£0,y20);,u:22/_5)2(.
X +y
:x=1y=0,y* =4x(y > 0); = 7x* +2y.
:x2+y2=1,x2+y2:16,x=0,y=0(x20,y20);,u:X2+—3y2.
x> +y
. 2 L_TIXE Y
X=2,y =4x,y=0y=20), u=—+-=.
4 2
X+ Yy =L xP+y?  =4,x=0,y=0(x>0,y>0); u = X2+2y2.
X*+y
) 7x°
x=2,y=0,y :2x(y20);y=T+y.
X2y =1x2+y?=9,x=0,y=0(x>0,y<0); = 22x—y2_
x> +y

2

X X
x=2,y=0,y? :E(yZO);y:T+8y.

X2 +y?=1x2+y?>=25,x=0,y=0(x>0,y <0); uu = X2_4y2.
X2 +y

:x=1y=0,y* =4x(y > 0); £ = 6x+3y°.

X2 +y?=4,x2+y?=16,x=0,y=0(x>0,y <0); u = 32x—y2.
X2 +y

:x:2,y:0,y2=§(y20);,u:4x+6y2.

X4y =42 +y?=9,x=0,y=0(x<0,y>0); u = y2—4x2-
X2 +y

L1 2 . 2

.X:E,y:O,y =2X(y 2 0); 4 =4x+9y".
y —2X

X2 +y?



31. D:x=%,y=0,y2 :16x(y20);,u:16x+9
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3agayva 9. Mnactvika D 3apana orpannumBaowmmm ee kpusbIMK, /L -NOBEpXHOCTHasA NMOTHOCTb. HaiiTn maccy

NNacTUHKN.

10.

1.D:x2+yT£1;y=y2.
x> y? 2 y
1<—+—<2,y20y< =X u==.
gt S2YEOySIxu=
2 2
X—+Z—5£1,y20,u:x2y
Xy 7x%y
—+—=<1y20;u=
o5 1Y =R HT g
:1§X—2+y2£4;y20;y£§;/4:8—y.
4 2 x3
X2
:E+y2£1,x20;,u:7xy6.
2
:XT+y2£1;,u:4y4.
x> y? 3x
1<—+=—<4,x20y>—Xu=—
49 yE ok
2 2
y . X, X
1< 42 <a4y>0y>2;u="
16 4 o IERYEZHEY
2 2
:%+y?£1,x20,y20,y:x3y

11.

12.

13.

14.

:XT+y2 <1,x>0,y>0;u=6x>y°

2

3

:1£X7+y2325;x20;y2§;,u=i.

2

+y—zsl;,u:x2y2.
4

2

:1(—6+y2£1;x20,y20;,u:5xy7.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

28.

2

:XT+y2 <1,x>0,y>0; 2 =30xy".

1s%+y733,y20;ys§x,,u:¥.
:x2+y—2£1,y20;y:7x4y.

25
:x2+y?231,y20;y:35x4y3.
:XT:+y?2£1;y:x2
1<x2+y—2£9,y20;y£4x,,u:ls.

16 X

W2

2 2
y : 2X
1<—+=—<5x20y2—,u=—
9 16 Y=gk
X2 y2
4+ <1x>0,y>20u=x"
7 g y H y
X2 y2
2 <Lu=x"
4 5 M
y2
x2+731,x20,y20;y:15x5y3.
2 2
1£X—+y—336,x20;y22x,y:%
49 3 y
X2

TS+ y?2<1x>0,y>0: u=6xy°.
100 y y M y
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x2 NG X X
20. D: - +y?<1,x>0,y>0; 1 =105x3y°. 3. D1 —+y? <3 x20y> = u=—.
Y y20;u y 5ty V2 im=s

x? 4 27y

30. D:1< 2+ y?<3x>0y>—X u= .

16 Y YEgh M=

3apava 10. Haritn o6bem Tena, 3agaHHOro orpaHMYMBaoOLLMMMN €ro NOBEPXHOCTSAMMU.

1.y=16x/§,y=\/§,z=0,x+z=2 17. y—6\/_ y—\/_z—0x+z=3
2.y:5\/;,yz%x,z:0 =5+ 5\/_ 18. y = — \/_y— XZ—OZ——(3+\/—)
3.X2+y2:2,y:\/§,y:0,z:0,z:15x. 19. X2 +y? =18,y =~/3x,y = 02—02_5X
4.x+y=2,y=\/§,z=12y,z=0. 1
1 20. X+y =6,y =~/3x,2=4y,2 =0.
5. X =20,/2y,x =5 2y,z:0,x+y:§. 21. Xx=7,/3y,x=2,/3y,2=0,z+y =3,
5 5 5 5(3+
6. =—\/§,x=5—y,z=o :5(3+\/W 2z.y=—‘N.X=—y,z=0,z=(—‘N).
2 6 3 9 9
7. x2+y? =2,x=./y,x=0,2=0,z = 30y. 3. x2+y2=18,x=\/3_y,x=o,z:o,z:m_y_
8.x+y:2,x:\/§,z:%,z:0. 4x o
5 24.x+y=6,x=\/—yz_€ z=0.
1
9.y=17\/§,y=2\/§,z:0,x+z=5. 25. y = /15,y =+/15%,2 = 0,z = V15 (L + v/X).
10 y:ﬂ y=5—X z—Oz—M 26. X2+y2250,y:\/5_X,y=0,2=0,z:%.
. 3 1 91 - H - 9 .
4 v? 28y = VIX V20220 15x 27. X+Yy =8,y =/4x,2=3y,2=0.
11. X +y - ,Y— X,y— 1Z— ,Z—H 28_X:16\/2—y’X:\/2—y’Z:0,Z+y:2_
12. X+y =4,y =+2x,2=3y,2=0. 29. x=15,/y,x =15y, =0,z =15(1+.]y).
5\/_ 5 2 2 6y
13. X —z— ,Z=—(3+ . 30. X“+y°=50,x=,5y,x=0,z=0,z=—.
6 18 18( \/W Y \/_y 11
14. x=19 2y,x=4\/_y,z=0,z+y:2. 31. x=17 2y,x:2\/2_y,z:0,z+y:%

15. X* + y? =8,x=\/2_y,x=0,z=310—1y,2=0.

16. x+y:4,x:\/_y 2_3—5)( z=0.

3apaua 11. Hantn o6bem Tena, 3agaHHOro OrpaHMyYnBalOLLIMIMK €10 MOBEPXHOCTAMM.

1 X2 +y° :2y,z=%—x2,z:0.

2 X2+y2:y,x2+y2:4y,z:11X2+y2,Z=0.
3. X2 +y2=8J2x,z=x>+y?—64,z =0(z > 0).
4. x*+y? +4x=0,2=8-y% 7=0.

5. X* +y° =6X,X* +y> =9x,2=4/x* +y?,2=0,y =0(y <0).
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6. X2+y2:6\/Ey,Z=X2+y2—36,Z=O(ZZO).
7. X° +y? :2y,Z=%—X2,Z=0-
8. x> +y’ =2y, x> +y*=5y,2=4/x*+y*,2=0.

0. X2+y2+242y=0,z=x>+y?—4,2=0(z > 0).
10. X* +y* =4x,2=10-y*,z=0.

11 X2 +y? =7x, x> +y? =10x,z = /x* +y*,2=0,y =0(y < 0).
12. x> +y2 =82y, z=x%+y?—64,2 = 0(z = 0).

13. X* + y? =2y,z=%—x2,z=0.

14. X +y? =3y, x* +y> =6y, z=x* +y*,2=0.

15. x>+ y2 =64/2x,2=x2 + y? =36,z = 0(z > 0).

16. X2+ y2 =23/2y,z=x2+y2 -4, =0(z = 0).
17. x> +y* =4x,2=12-y*,z=0.

18. X2 +y? =8x,x* +y? =11x,z =/x* +y*,2=0,y =0(y < 0).
19. X2 +y? =42x,2 = /x? + y? —16,2 =0(z > 0).
20. x> +y? =4y, z=4-x*2=0.

21. X2 +y =4y, X +y> =7y, 2=4/x* +y?,2=0.
22. X2 +y2 =42y, 2=x> +y? =16, = 0(z = 0).

23. x2+y2+2x:0,z:%—y2,z:0.
24. X2 +y* =9, X +y? =12x,2 =+/X* +y*,2=0,y =0(y > 0).

25. X2 +y2 +2/2x=0,2=x*+y? —4,2 =0(z = 0).
26. x> +y? =4y, z=6-x%2=0.

27. X* +y® =10x,X* +y* =13x,2 =[x’ + y*,2 =0,y =0(y > 0).
28. X2 +y2 =22x,2=x%+y? —4,7=0(z > 0).

29. x2+y2:2x,z:%1—y2,z:0.

30. X +y® =5y, x* +y? =8y, z=x* +y?,z=0.

25
3. X2 +y?+2x=0,z="-y% z=0.
4
3apaua 12. Hantn o6bem Tena, 3agaHHOro OrpaHMyYnBaloLLIMIMK €ro MOBEPXHOCTAMM.

1. y=5x"+2,y=7,2=3y* -7x* -2,z =3y* - 7x* —5.
2. Yy=5x"-2,y=-4x*+7,2=4+9x* +5y*,z = -1+ 9x* + 5y
3. X=-5y*+2,x=-3,2=3x"+y* +1,2=3x" + y* 5.

4. X=2y? =3, X=-Ty* +6,2 =1+ x> +16y?,z = -3+ /x* +16y°.

5.y=-6x"+8y=2z2=x-x"-y*-Lz=x-x*-y*-5.
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LY =5x2—Ly=-3x"+1z2=-2+3x"+y*,2=-5+3x* + y°.

. X=5y?-9,x=-4,72=X*+4x-y’ —4,z2=x" +4x-y* +2.

(]

~

L y=6x*-1y=5z=2x"+x-y*,z=2x* +x-y* +4.
 X=5y? 1 x=-3y* +1,z=2—/X* +6y?,z=—-1+/X* +6Yy°.

10. X=-3Y* +7,X=4,2=2+6X* +y?,2=3+./6X* +y?.

11 y=-5x*+3,y =-2,7=2x* -3y -6y -1,z = 2x* -3y -6y’ + 2.

12. y =X =5,y =—X*+3,2 =4+/5x* +8y*,z =1+/5x* +8y*.

13. X=3y? =5, x=-2,2=2—X* +16y*,z =8 —/x* +16y°.

14, X=y? =2, x=—4y* +3,2=4J16—x* —y? +2,2 =4/16 —x* —y* —1.

15. y=2x*-1y=12z=x*-5y*-3,z=x"-5y° - 6.

16. y:XZ_21y2—4X2+3,Z=2+1/X2+y2,Z:—l+1IX2+y2_

17. Xx=—4y* +1,x=-3,2=x* -7y’ -Lz=x* -7y* + 2,

oo

©

18. X=T7y> —6,Xx=—-2y* +3,2 =3+5x* —8y”,z = -2 +5x" -8y~
19. y=1-2x",y=-12=x"+2y+y’ —2,2=x*+2y+ y* +1.
20. y=X>—-7,y=-8x"+2,2=3-12y* +5x*,z =-2-12y* + 5x°.
21.x=2y2+3,x:5,z:1+\/m,2:4+\/m.

20y =3x> +4,y=7,2=5-+/2x* +3y?,z =1—+/2x* +3y°.

23. X=5y* -2, x=—4y* +7,2=4—2x* +3y?,z =-1—/2x* +3y°.
24. X=-2Yy* +5x=3,2=5-x*+25y%,z=2—/x* + 25y°.

25. Y =—3x° +5,y =2, X =3+/5x% + y?, 7 = —1+/5x* + y°.

26. Yy =3x*—5,y=—6x*+4,z=2+10x* —y®,z =-2+10x* — y°.
27. X=4y* +2,Xx=6,2=X* +4y* +y+1,z=x"+4y° + y+4.
28. X=3y> -2, Xx=-4y? +5,2=4-T7x* -9y?, 2 =1-7x* - 9y>.

20. y=2X% =5,y =—3,2 =2+ /X2 +4y?,z = —1+/x? + 4y?.
30. y=2x*> -3,y =—7x*+6,z=1-5x* —6y*,z =-3-5x* —6Yy>.
31 y=-2X"+7,y=52=1-2x*+3y?,z=4-2x* + 3y~

3apgaua 13. Haiti 06bem Tena, 3afaHHOro orpaHMYMBaloLLIMMK €r0 MOBEPXHOCTAMM.

12= 9—x2—y2.9?z=x2+y2- 5. 2= /%—xz—y2,22=x2+y2.

6. 2=3yx*+y?,2=10—x* -y~

ZZ:#, ?_X _y .
x> +y?
2 2 7.2=4/25-%x"-y? 2= :
3.2=44-xX*—y% z= x+y ’ 9
y 255

8. 2=+/100—x*—y?,z=6,x* +y* =51.
4.7=,64—x*—-y? 7=1x*+y* =60. (BHy TV LANAHAP3)
21x% +y?
9. z:—y,z:g—xz—yz.
2 2

(BHYTPU UMNMHApPA)
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10. Z=+/16—x* —y?,62 = x* + y°.
2 2
11. 2=49-x* —y?,z= %
12. 7=+/81—-x*—y?,2=5x*+y* =45

(BHYTPU UMnMHApPA).

13. 7 = 1—x2—y2,3§:x2+y2.
14. 2 =6x* +y?,2=16—x* —y°.

2 2
15. 2=+/36-x*—y?,z= Xy

63

16. Z2=+/64—%x"—y*,2=4,x> +y* =39

(BHYTPU UMNMHApPA).

17. 7 =+/144—x* —y* 182 = X* + y°.

’X2+ 2
18. z:S—y,z:g—xz—yz.
2 2

2 2
19. 2=+/9-%x"—y*,z= %
20. Z=+/49-x*—-y*,z=3,x* +y* =33

(BHYTPU UMnMHApPA).

www .otlichka.ru
21. 7=+/36—x*—y? 9z =x* + y°.
22. 2=9X* +y?,2=22—x*—y>.

2 2
23.2=416-%x*-y*, 2= X J;y .

1

24.7=4,/36-%x"—y?,2=2, x> +y? =27

(BHYTPY UMNUHAPA).

25, z:‘/g—xz—yz,z:x2+y2.

26. 2=12x* +y*,z=28—x* —y°.

2 2
27. z:w/9—x2—y2,z:wlx ;y .
28.2=+/25-%x"—y*,2=1x"+y* =21

(BHYTPW UMNUHApPa).
29. 7 =+/64—-Xx* —y? 127 = x> + y°.
C9YxP+y? 11

2 2
3. Z=——"—,2="—X" -y~
2

2
2 2
31. 7 =4/36—x° —yz,z:wl%.

3apgaua 14. Haiti o6bem Tena, 3afaHHOro orpaHMYMBaloLLIMMK €r0 MOBEPXHOCTAMM.

L 2=2-12(x* +y?),z=24x+2.

. z2=10((x-1D* +y*)+1,z=21-20x.

. 2=8(x*+Yy*)+3,z=16x+3.

. 2=2-20((x+1)* +y?),z=-40x-38.
. 2=4-14(x* +y?),z=4-28x.

. 2=28((x+1)% +y?)+3,z=56x+59.

. 2=32(x* +y*)+3,2=3-64x.

L 2=4-6((x-1)*+Yy*)+1,z=12x-8.
L 2=2-4(x*+Yy?),z=8x+2.

10. 2 =22((x—1)* + y?) +13z = 47 — 44 x.
11. 2=24(x* +y*)+1,z = 48x +1.

12. 2=2-18((x+1)* + y*) +1,z = -36x — 34.
13. 2=-16(x*+y*)-1,z=-32x 1.

14. 2=26((x+1D* +y?)+1,z=-52x-2.
15. 2 =2-12(Xx* + y?),z = 24x+ 2.

16. 2=-2((x-1)*+y*)-1,z=4x-5.
17. 2=-2(x* +y?)-1,z=4y-1.

18. 2 =26((x—1)* + y?) -2,z =50 —52x.

© 0 N oo o b~ W N P
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19. 2=30(x* +y?)+1,z =60y +1.

20. 2=-16((x+1)* +y*) -1,z =-32x-33.
21. 2=2-18(x* +y?),z=2-36Y.

22. 7=24((x+1)* +y*)+1,z =48x +49.
23.2=22(x* +y*)+3,z=3-44y.
24.2=2—-4((x-1)*+y?),z=8x-6.
25.2=4-6(x*+Yy?),z=12y +4.

26. 2 =32((x—1)* + y*)+3,2 =67 — 64x.
27. 2=28(x* +y?)+3,2 =56y +3.

28. 2=4-14((x+1)* +y*)+1,z = -28x — 24,
29.2=2-20(x"+y?),z=2-40y.

30. 2=8((x+1)* +y?)+3,2=16x +19.

31. 2=10(x* +y*)+1,z=1-20y.

3apaum 15. Hantu ob6bem Tena, 3agaHHOro HepaBeHCTBaMU.

1.1<x?+y? +2%2 <49 XHY ;< XY —X<y<0
35 3
X2+y2 X2+y2
2. 4< x> +y® +12° <649, <z< —/3x<y<0
15 3
3.4<X°+y? +2°<64,2> Xy’ —i<y<0
L4< <64,z> RN
2 2
4. 4<xX°+y? +2°<36,2>— X +y ,OSysi
63 3
x> +y?
5.1<x*+y?+22<36,z> %9 —/3x <y </3x.

6. 25<x? +y?+12%<100,z < X +y A3x <y <—/3x.

99
2 2
7 1<x? 4yl 422 <490<z< (XY g Xy 3y
y 2 VST
x* +y?

8. 25<x*+y*+1z°<121—

<z2<0,y>—-XVJ3,yY=—3X.
24 y y

2 2 2 2
9.4£x2+y2+22s64,—1/X;5y <7< |X ;y x<y<0.

2 2 2 2
10.16$x2+y2+22£100,—,/x Y e X HY A3x<y<0.
35 3
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2 2, 2 X2+y2
4<X°+y°+2°<49,2> 99 ,yzO,ys\/§x.
2
36£x2+y2+22£12122—1/X ,y>\/_x y > 0.
993
2

4<x?+y?+722<640<z2< Y y>faxy<>
X% +y? X
36 < X* +Yy? +12° <144, <z<0,y>+3x,y>—.
24 3
9<x*+y*+12°<81— X2 +y” <z X'ty 0<y<—x
3 35 e
2
36<X* +y? +12° <144, X’ 3 s X’ +y

[x% +
366X +y*+2°<144,2< : V3x < s—.
y’? 3 y NE
2 2
36£x2+y2+223100,z>—,/X 6+3y - <y<A3x.

3
X
NE

>

x+y < <_ X
w5 V<FYS

2 2
49§x2+y2+22£144,z<—1IX Y ,yzi,yz X
9 V3 J3
2 2
9<x?+y?+72<810<z< |2 Y Yy <0, <X
y 1 N 2 YS0Ys g

9<x*+y*+2°<64,2>

2 2
49< x* +y® +17°<169,— x2+4y szso,yzo,yz%.
2 2 2 2
16 < x* +y® +2% <100,— ;y <z< X ;5y 0<y<x
2 2 2 2
64<x?+y?+2° <196 ;y <z7<- Xl+5y 0<y<
64 < x*+y®+2°<196,z < Xty L<y<0
< <196,z < 3 Y0
2 2
643x2+y2+223144,z>—,IX Y Sysi.
63 V3
2 2
16<x*+y?+2°<81,z> x9+9y Y <0,y <—/3x.
2 2
643x2+y2+22£169,23—11)( ;gy Y20,y >—/3x
x* +y?

16 <x*+y?+22<1000<z<
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3apaya 16. Teno V 3agaHo orpaHMuMBaIOLLMMI €r0 NOBEPXHOCTSIMM, M -NNOTHOCTL. HaitTn maccy Tena.

2 2
1. 64(x* +y?) =2% x> +y? :4,y:0,z:0(y20,220),ﬂZW-
2. X2 +y? 428 =4,x* +y? =1,(x* +y* <1),x=0(x 2 0); u = 4l7.

3. X +y?=1Lx*+y*=22,x=0,y=0,2=0(x>0,y >0), z =10x.

4. x> +y? :%22,x2+y2 :;z,x:o,y:O(xzo,yzO),,u:80yz.

5. X2 +y +22 =1x"+y* =42, x=0,y=0(x>0,y>0,z>0); u =20z
6. 36(x* +y*)=2%,x* +y? :l,XZO,ZZO(XZO,ZZO),ﬂzg(XZ+y2).
7. X2 +y? 420 =16, X7 +y? =4(x* +y* <4);u=22|

8. X +y*=4,x"+y*=82,x=0,y=0,z=0(x>0,y >0), z =5x.

9. X +y° =%zz,x2+y2 =§z,x=0,y=0(x20,y20),,u=28xz.

10 X2 +y? +2°=4,x* +y*=12°,x=0,y=0(x>0,y >0,z > 0); u = 6.
11. 5(x* +y?) =2°, x> +y* =4,x=0,y=0,2=0(x >0,y >0,z > 0), = 2(x* + y?).
12. X2+ Y2 +22 =9,x2 +y? =4(x* +y* <4),y =0(y 2 0); s = 2.
13 X2 +y? =1,x*+y*>=62,x=0,y=0,z=0(x>0,y >0,z >0), = 90y.

2
14. X2 +y? :2—5,x2+y2 :é,x:O,y:0(x20,y20),y:14yz.
15. X°+y* +22=4,x>+y> =92, x=0,y=0(x>0,y >0,z > 0); » =10z.

2 2

16. 9(x2+y2)=22,x2+y2:4,x=0,y=0,z=0(x20,y20,220),y=w.
17. X2+ Y2 +22 =4,x2 +y? =1x* +y* <1), u =6z

18. X +y* =1x*+y*=2,x=0,y=0,2=0(x>0,y >0), # =10y.
2

19. X2 +y? ::—9,x2+y2:;,x=0,y:0(x20,y20),y=10xz.

20. X +y*+2° =4,x* +y* =42°,x=0,y=0(x>0,y >0,z > 0), x =102z.
21.16(x* +y?) =z%,x* +y?* =1,x=0,y=0,2=0(x>0,y >0,z > 0), £ =5(x* + y?).
22. X2 +y? +2° =16, x> +y? =4(x* +y* <4),u=|2|
23. X*+y* =4,x* +y* =42,x=0,y=0,z=0(x >0,y > 0), £ = 5y.
24. X> +y* =2° x> +y*=12,x=0,y =0(x>0,y > 0), = 35Yyz.
25 X2 +y*+z2° =1,x*+y*=2°,x=0,y=0(x>0,y >0,z >0), u = 32z

2 2
26. X2 +y? =272 x? +y? :4,x:0,y:0,z=0(x20,y20,220),y=w.
27. X2+ Yy +22 =9, X+ Yy  =4(X* +y* <4),2=0(z>0), u = 2z.
28. X*+y? =1,x*+y*>=32,x=0,y=0,2=0(x>0,y >0,z > 0), £ =15x.

2

29. x> +y? :%,x2+y2 :%,X:O,y:O(xz0,y20),y:20xz.

30. X +y*+2°=16,x* +y* =9z*,x=0,y=0(x>0,y >0,z >0), u = 5z.
31 4(X* +y?)=2%,x"+y*=1y=0,z=0(y 20,2 >0), £ =10(x* + y?).



